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Abstract 
An electron cloud instability might limit the intensity in 
the Fermilab Recycler after the PIP-II upgrade. A multi-
bunch instability typically develops in the horizontal plane 
within a hundred turns and, in certain conditions, leads to 
beam loss. Recent studies have indicated that the instability 
is caused by an electron cloud, trapped in the Recycler in-
dex dipole magnets. We developed an analytical model of 
an electron cloud driven instability with the electrons 
trapped in combined function dipoles. The resulting insta-
bility growth rate of about 30 revolutions is consistent with 
experimental observations and qualitatively agrees with 
the simulation in the PEI code. The model allows an esti-
mation of the instability rate for the future intensity up-
grades. 
FAST INSTABILITY 
In 2014 a fast transverse instability was observed in the 
proton beam of the Fermilab Recycler. The instability acts 
only in the horizontal plane and typically develops in about 
20-30 revolutions. It also has the unusual feature of selec-
tively impacting the first batch above the threshold inten-
sity of ~ 4*1010 protons per bunch (Fig. 1). These peculiar 
features suggest that a possible cause of the instability is 
electron cloud. Earlier studies by Eldred et. al. [1] indicated 
the presence of electron cloud in the Recycler and sug-
gested the possibility of its trapping in Recycler beam op-
tics magnets. 
The fast instability seems to be severe only during the 
start-up phase after a shutdown, with significant reduction 
being observed after beam pipe conditioning [2]. It does 
not limit the current slip-stacking operation up to 700 kW 
of beam power, but may pose a challenge for a future PIP-
II intensity upgrade [3]. 
 
Figure 1: The first batch above the threshold intensity suf-
fers the blow-up after injection into the ring [2]. 
ELECTRON CLOUD TRAPPING 
The most likely candidates for the source of electron 
cloud in Recycler are its combined function magnets. They 
occupy about 50% of the ring’s circumference. In a com-
bined function dipole the electrons of the cloud move along 
the vertical field lines, but the gradient of the field creates 
a condition for a ‘magnetic mirror’– an electron will reflect 
back at the point of maximum magnetic field if the angle 
between the electron’s velocity and the field lines is greater 
than: 
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Particles with angles max / 2     are trapped by the 
magnetic field. For Recycler magnets (Table 1), Eq. (1) 
implies ~10-2 of electrons in the cloud are trapped, assum-
ing uniform distribution. A more detailed description of the 
trapping process is given in [4]. 
According to numerical studies with the PEI code [4,5], 
the trapping mechanism allows the electron cloud to grad-
ually build up over multiple turns, reaching a final density 
orders of magnitude greater than in a pure dipole. The re-
sulting cloud distribution is a stripe along the magnetic 
field lines, with higher particle density closer to the walls 
of the vacuum chamber (Fig. 2). The width of the stripe is 
about the size of the beam. Knowledge of the electron 
cloud build-up and its distribution allows the construction 
of a simple model of the electron cloud instability in Recy-
cler. 
 
Figure 2: Electron cloud forms a stripe inside the vacuum 
chamber; the beam center and its 2 rms size are shown in 
white [4]. 
MODEL OF THE INSTABILITY 
First, consider a round coasting proton beam travelling 
in a ring, uniformly filled with electron cloud. Let us de-
note the position of the beam centroid at an azimuthal angle 
θ at time t as Xp(t, θ). Further, assume that the beam travels 
at a constant azimuthal velocity around the ring ω0 and use 
a smooth focusing approximation with betatron frequency 
ωβ. 
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For simplicity, we represent the electron cloud by a ver-
tical stripe of uniform charge density, located at a horizon-
tal position Xe. Let us further assume that the number of 
electrons remains, on average, constant in time. Because of 
the vertical dipole field, the individual electrons of the 
cloud cannot drift horizontally, but the position of the cloud 
can change as some regions build up and others are de-
pleted, following the transverse motion of the proton beam. 
The characteristic time constant of this slow motion is then 
the time of build-up: ~1/ buildup  . 
For small oscillation amplitudes we can assume the elec-
tron-proton interaction force to be linear in displacement. 
Then the coupled collective motion of the beam and the 
electron cloud is described by the following system of 
equations: 
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where Γ is the rate of Landau damping. The coupling fre-
quency ωp is 
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where re is the classical radius of electron, σ – RMS trans-
verse size of the beam, R – radius of the ring, ne – electron 
cloud density, and γ – relativistic factor.  
The linear damping term Γ in the Eq. (2) arises from the 
spread in betatron frequencies for particles oscillating with 
different amplitudes. The characteristic rate of the Landau 
damping can be estimated as 
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where Qx is the horizontal tune and ΔQx is its RMS spread. 
Looking for solutions of Eq. (2) in a form 
,
i t in
e pX e
    one obtains an equation for the mode fre-
quency ω: 
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It can be solved perturbatively, under the assumption that  
 0, , ,p     .  (6) 
Solving the Eq. (5) in the leading order one gets two 
modes for each wave number n: 0n       . Then in 
first order: 
 0n        , (7) 
where the small complex tune shift | | , ,       is: 
     
2
2 2
( )1
2
p i
i

   

  


 
    
  
   (8)  
The imaginary tune shift in Eq. (8) consists of two parts 
with the first being the negative Landau damping term. The 
motion becomes unstable only if the whole expression is 
positive. The “+” modes are always stable, while the “-“ 
modes can be unstable for some n if Im( ) 0.   The most 
unstable mode, for which Im( )  is the greatest, is 
max   and its wave number maxn  is 
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and the growth rate of this mode is 
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In an experiment one will observe the most unstable 
mode since it quickly suppresses the others due to its rapid 
exponential growth. The tune shift of this mode is 
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This betatron tune shift is what one will observe in an ex-
periment since the most unstable mode quickly suppresses 
the other modes due to its higher exponential growth rate. 
Knowing the complex frequency shift   we can find 
the impedance of the cloud as (see for example A. Chao [6] 
Eq. (6.262)): 
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where N is the number of protons in the ring and 
0r is the 
classical proton radius. 
Knowing the impedance one can compute the wake 
functions using formula (2.72) from [6]: 
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In the case of a bunched beam, in the rigid bunch ap-
proximation, one needs to compute W(z) only at a discreet 
set of bunch positions k rfz kc , where rf  is the RF pe-
riod. 
Finally, from the impedance of the most unstable mode 
one can estimate the instability growth rate of a bunched 
beam as [7]: 
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where C is the ring circumference and L is the total length 
of the magnets. For the Recycler / 1/ 2L C  . 
FAST INSTABILITY IN RECYCLER 
Let us apply the model to estimate the parameters of the 
fast electron cloud instability in Recycler. The input param-
eters are listed in Table 1. We estimate the density of the 
electron cloud 12 -3~10 men   and the rate of its build-up 
1/ ~ 20 rf  . These value were obtained from a numerical 
simulation and agree with a measurement of the horizontal 
tune shift [8]. With these parameters the assumption in 
Eq. (6) holds true. 
According to the Eq. (9), the most unstable mode is 
max 30n  , and its frequency is about 0.4 MHz. The imped-
ance of this mode, calculated using Eq. (12), is 20 MΩ/m 
(Fig. 3). Figure 4 depicts the corresponding wake function 
W(k) as a function of bunch number k. W(k) fits an expo-
nential decay curve  
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The estimate of the mode frequency qualitatively agrees 
with the simulation in the PEI code and the stripline meas-
urement. PEI simulated the ring, completely filled with 588 
bunches of 105 10  p. The resulting frequency is about 
0.7 MHz (Fig. 5). In the stripline measurement one batch 
of 80 bunches of the same charge was injected. The meas-
ured frequency was about 0.9 MHz. Both simulated and 
measured frequencies agree to about a factor of two with 
each other and the estimate. 
 
Figure 3: Real and imaginary parts of impedance as a func-
tion of a mode angular frequency ω. 
 
Figure 4: Electron cloud wake falls down exponentially 
with distance. 
Table 1: Parameters of the model 
Energy, relativistic γ 8 GeV, 10 
Circumference, ω0 3.3 km, 60.57 10  s-1 
Betatron tune, frequency 25.45, 614.54 10  s-1 
Protons per bunch 105 10   
RF harmonic, period 588, 18.9 ns 
Electron cloud density 1012 m-3 
e-p coupling frequency ωp 60.23 10  s-1 
Build-up rate λ 62.65 10  s-1 
Chromatic tune spread 32.7 10   
B-field and its gradient 1.38 kG, 3.4 kG/m 
Beampipe Elliptical, 100 x 44 mm 
Using the calculated value of the real part of the imped-
ance we can now estimate the growth rate using Eq. (14). 
We obtain a growth rate of 
max 0.033  and the character-
istic time of the instability 
max max1/ 30   turns. 
 
Figure 5: Simulation in PEI and stripline measurements 
show an instability in the horizontal plane with a period of 
slightly less than the length of a batch and a frequency < 
1 MHz. 
CONCLUSION 
A fast transverse instability in the Fermilab Recycler 
might create a challenge for PIP-II intensities. Understand-
ing its nature is important for making predictions about the 
machine performance at higher intensities. Earlier studies 
showed that the instability is likely to be caused by an elec-
tron cloud trapped in combined function magnets. 
We have constructed a simple analytical model of the 
electron cloud instability with the cloud trapped in the 
combined function dipoles. The model allows the estima-
tion of the instability threshold and growth rate for a given 
electron cloud density.  
For the Fermilab Recycler the estimated growth rate is 
30 revolutions. This growth rate is consistent with the ex-
perimental observations of the instability. The frequency 
of the most unstable mode of 0.4 MHz is consistent with 
experimental observations of the fast instability and with 
numerical simulations in PEI.  
The model allows the prediction of the rate of the insta-
bility for higher intensities of the proton beam, given an 
estimate of the electron cloud density, which can be ob-
tained from numerical simulations. 
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